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Abstract
In this paper, we study the singular limit of the Porous Medium equation ut ¼ Dum þ
gðx; uÞ; as m-N; in a bounded domain with Neumann boundary condition.
r 2003 Elsevier Inc. All rights reserved.
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1. Introduction
The aim of this paper is to study the effects of a lower-order nonlinearity and
Neumann boundary condition on the limit of the Porous Medium equation ut ¼
Dum; when the parameter m goes to N: This is a particular case of an overall
program of studying the so-called singular limit for nonlinear pdes, i.e., a
perturbation problem where the perturbed problem is of totally different character
than the unperturbed one. Recently, in light of Monge Kantorovich mass transfer
theory, Evans et al. proved in [9] that the related problem of taking the limit p-N;
for the pde ut ¼ Dpu has turned out to be interesting. Our approach is different, it is
based on the ideas we introduced in [6] (see also [10]) for the similar problem with
Dirichlet boundary condition. However, in our case, i.e. Neumann boundary
condition, the description of the limit is more delicate.
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¼ Dum þ gðuÞ on Q ¼ ð0; TÞ  O;
@um
@n
¼ 0 on S ¼ ð0; TÞ  @O;




where g :Rþ-R is continuous with
gð0ÞX0; dg
dr
pK in D0ð0;NÞ; KACðRþÞ ð2Þ
and u0ALNðOÞ with
0pu0pM0 a:e: on O: ð3Þ
According to (2), for any rARþ there exists a unique maximal solution qðr; tÞ deﬁned
on the maximal interval ½0; TðrÞÞ of the o.d.e.
dq
dt
¼ gðqÞ on ð0; TðrÞÞ; qð0Þ ¼ r: ð4Þ
Choosing
0oToTðM0Þ ð5Þ
it is easy to show that there exists a unique bounded weak solution u of (1) in the
sense:
uACð½0; T ; L1ðOÞÞ-LNðQÞ;
uX0; umAL2ð0; T ; H1ðOÞÞ;R R
uxt þ
R R
gðuÞx ¼ R R Dum Dxþ R u0xð0; :Þ;





We denote by um this solution. By maximum principle, it is clear that
0pumðt; xÞpqðM0; tÞ a:e: ðt; xÞAQ: ð7Þ
This paper describes the limit of um as m goes to N: In the case g 
 0; it has been
proved in [3] (c.f. Theorem 3) that umðtÞ-
%
u0 in L
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with wAH1ðOÞ the unique solution of the ‘‘mesa problem’’
wAH2ðOÞ; wX0; 0pDw þ u0p1;
wðDw þ u0  1Þ ¼ 0 a:e: O and @w
@n
¼ 0 on S:
Following the same approach as in [6] for the similar problem, where the Neumann
boundary condition was replaced by the Dirichlet boundary condition, we prove for
a general g satisfying (2) that
um-uN in Cðð0; TÞ; L1ðOÞÞ:
But the description of the limit uN is more delicate. Indeed, we have the following
cases:
Case 1: If _u0X1; then
uNðt; xÞ ¼ q _u0; t
 	
for a:a: ðt; xÞAQ;
Case 2: If _u0o1 and gð1Þp0; then
uNðt; xÞ ¼ qð
%
u0ðxÞ; tÞ for a:a: ðt; xÞAQ;
Case 3: If _u0o1 and gð1Þ40; then there exists T0Að0; T  such that
(a) uN is the unique solution on ð0; T0Þ  O of
uNALNðð0; T0Þ  OÞ; 0puNp1 a:e: on ð0; T0Þ  O
there exists wNAL2locð½0; T0Þ; H1ðOÞÞ such that
wNX0; wNðuN  1Þ ¼ 0 a:e: on ð0; T0Þ  O andR T0
0
R
O xtuN þ gðuNÞxþ
R





8xAC1ð½0; T0Þ  %OÞ; x compactly supported;
8>>>><
>>>>:
(b) uNðt; xÞ ¼ qð1; t  T0Þ for a.a. xAO; for any tA½T0; T ½;
Actually we will consider problem (1) with a reaction term gðuÞ ¼ gðt; x; uÞ
depending on ðt; xÞ; the exact assumptions and results will be precised in
Section 3. In Section 2, we will prepare the results by studying problem (1)
and its limit as m-N; with gðuÞ replaced by a function hðt; xÞ independent
of u:
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2. The problem with reaction term independent of u
To apply abstract arguments of the nonlinear semigroups theory, we ﬁrst consider
the elliptic problem
v ¼ Dvm þ f on O; @v
m
@n
¼ 0 on @O
with fAL1ðOÞ: Applying Theorem 20 in [7], for any m40; there exists a unique
solution v of
vAL1ðOÞ; vm :¼ jvjm1vAW 1;1ðOÞ;R
O Dv
m Dx ¼ ROð f  vÞx; 8xAW 1;NðOÞ:
(
ð9Þ





ð f  fˆ Þþ: ð10Þ
One has the following result as m-N:
Proposition 1. Let fAL1ðOÞ and for m40; vm be the unique solution of (9).
(1) (c.f. [5]). If j_f jo1; there exists a unique solution ðv; wÞ of
vALNðOÞ; wAW 1;1ðOÞ; vAsignðwÞ a:e: on O;R
Dw Dx ¼ R ð f  vÞx; 8xAC1ð %OÞ
(
ð11Þ
and ðvm; ðvmÞmÞ-ðv; wÞ in L1ðOÞ  W 1;1ðOÞ as m-N:
(2) If j_f jX1; then vm-_f in L1ðOÞ as m-N:
Proof. Part (1) is a particular case of Theorem B in [5]. Let us prove part (2). Thanks
to (10), it is enough to prove it for j_f j41: Since the problem is odd, let us assume
without loss of generality that _f41: According to [5], we have
fvmgmX1 is relatively compact in L1ðOÞ;
fðvmÞm  CmgmX1 is relatively compact in W 1;1ðOÞ;
where Cm ¼ _ðvmÞm: Let mk-N such that vk :¼ vmk-v in L1ðOÞ and w˜k :¼ ðvmk Þmk 
Cmk-w˜N in W
1;1ðOÞ and a.e. on O: Using _vk ¼ _f41; one has
_ðvþk ÞmkX _vþk
 	mkX _f 	mk-N:
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k Þmk  _jw˜kj
we have Cmk-N: Then
w˜k
Cmk












mk a.e. is constant on O and equal to _v ¼ _f : &
Those results may be restated in terms of operators in L1ðOÞ: For mX1; let Am be the
operator deﬁned by
Amv ¼ Dvm with









Then Am is m-accretive in L
1ðOÞ and Am-AN in the sense of graph, where AN is the
multivalued m-accretive operator in L1ðOÞ deﬁned by
zAANv 3
v; zAL1ðOÞ; _z ¼ 0 and
either v ¼ m a:e: on O with mAR; jmjX1
or there exists wAW 1;1ðOÞ such that
vAsignðwÞ a:e: on O andR




Indeed, AN being deﬁned as above, for fAL1ðOÞ; one has
v þ ANv{f 3
vAL1ðOÞ R v ¼ R f and
either v ¼ m a:e: on O with mAR; jmjX1
or there exists w such that ðv; wÞ
is the solution of ð11Þ;
8>><
>>:




ðI þ AmÞ1f :
Let T40 be ﬁxed; set Q ¼ ½0; TÞ  O and let u0AL1ðOÞ and hAL1ðQÞ be given.
Using the general theory of evolution equation, for any mX1 there exists a unique
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mild solution (see [2,4,8]) umACð½0; TÞ; L1ðOÞÞ of
dum
dt
þ Amum{h on ð0; TÞ umð0Þ ¼ u0: ð14Þ
Assume u0X0 a.e. on O: Using [3, c.f. Theorem 3] and [6, c.f. Theorem 1], um-uN in
Cðð0; TÞ; L1ðOÞÞ where uN is the unique mild solution of
duN
dt









u0Þ: To translate this
result in terms of p.d.e. we characterize the mild solutions of (14) and (15). First, one
has the following result for (14):
Proposition 2. Let u0ALNðOÞ and hAL1ðQÞ with
Z T
0
jjhðt; :ÞjjN dtoN: ð16Þ
For any mX1; there exists a unique solution u of the problem
uALNðQÞ; umAL2ð0; T ; H1ðOÞÞR R
xtu þ
R R
xh þ R xð0; :Þu0 ¼ R R Dum Dx




Moreover u is the mild solution um of (14).
Proof. This is a quite standard result (c.f. [2]). For completeness let us give the
arguments. We ﬁrst show that the mild solution u of (14) satisﬁes (17). By deﬁnition
of a mild solution, uðtÞ ¼ L1  lim ueðtÞ uniformly for tA½0; TÞ; where for e40; ue is
an e-approximate solution corresponding to a subdivision t0 ¼




jjhðtÞ  hijjL1 dtpe; deﬁned by ueð0Þ ¼ u0ueðtÞ ¼ ui for tAti1; ti; where
uiAL1ðOÞ satisﬁes
ui  ui1
ti  ti1 þ Amui{hi;
that is
ui ¼ ðti  ti1ÞDðuiÞm þ ðti  ti1Þhi þ ui1 on O
@ðuiÞm
@n
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ju0jmþ1 þ M1jjhjjL1ðQÞ: ð19Þ
Let u˜e be the function from ½0; tn into L1ðOÞ deﬁned by u˜eðtiÞ ¼ ui; u˜e is linear in
½ti1; ti and he be deﬁned by heðtÞ ¼ hi on ti1; ti½; for







Passing to the limit in (19) and (20) one gets that u is a solution of (17).
At last, we show uniqueness of the solution to (17). It follows from Lemma A in
the appendix: if u1; u2 are two solutions of (17), apply with
H ¼ L2ðOÞ; V ¼ H1ðOÞ; aðu; vÞ ¼ R Du Dv u ¼ u1  u2; v ¼ ðu1Þm  ðu2Þm: &
We consider now problem (15).
Proposition 3. Let u0AL1ðOÞ and hAL2ðQÞ: Set







I ¼ ftAð0; TÞ; mðtÞo1g: ð22Þ
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Assume that the mild solution uN of (15) is nonnegative. Then u ¼ uN is the unique
solution of the following problem:




 mðtÞ a:e: on O for any tAð0; TÞ\I
ðiiiÞ there exists wALNlocðI ; H1ðOÞÞ such that uA signðwÞ
a:e: on O and
R R
xtu þ xh ¼
R R





To prove this proposition we will use the following lemma:
Lemma 1. Let e40; u; uˆ; hAL1ðOÞ and wAH1ðOÞ such that uAsignðwÞ a.e.
on O; juˆjp1 and Z








1 _juj jjhjjL1 ;
where C is a constant depending only on O:
Proof. First, by Kato inequality (c.f. [1, Theorem 2.4]), for any xAW 2;1ðOÞ with












p jjxjjLN jjhjjL1 :
Let x0 be the solution of
Dx0 ¼ juj  _juj in O;
@x0
@n




one has x0AW 2;pðOÞ for any 1opoN and
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where C is a constant depending only on O: Set x ¼ x0 þ C; one has xX0 andZ





and since juwj ¼ jwj a.a. O; one has
jjwjjL1p
2C
1 _juj jjhjjL1 : &
Firstly, we prove a particular case of Proposition 3 stated in the following lemma:
Lemma 2. Let u0 and h be as in Proposition 3. Assume that mðtÞ defined by (21)
satisfies
mðtÞo1 for all tA½0; T  ð24Þ
and that the mild solution uN of (15) is nonnegative. Then uN is the unique solution u of
uALNðQÞ; there exists wAL2ð0; T ; H1ðOÞÞ
such that uAsignðwÞ a:e: O andR R
xtu þ
R R
xh þ R xð0; :Þu0 ¼ R R Dw Dx





Proof. For uniqueness of a solution u of (25), apply Lemma A in the appendix in the
same way as in the proof of Proposition 2. To prove that the mild solution u ¼ uN of
(15) satisﬁes (25), consider as in the proof of Proposition 2, an e-approximate






jjhðtÞ  hijj2L2 dtpe: One has ueðtÞ ¼ ui on ti1; ti
with ðui; wiÞALNðOÞ  H2ðOÞ solution of




¼ 0 on @O
8><
>>: ð26Þ
(using the convention for i ¼ 1; ui1 ¼
%
u0Þ:
Since ueðtÞ-uNðtÞ in L1ðOÞ as e-0 uniformly for tA½0; T ; according to (24)
for e40 small enough, one has _juijpy for i ¼ 1;y; n with yo1 independent of e:
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Using Lemma 1,
jjwijjL1pC1jjhijjL1 for i ¼ 1;y; n ð27Þ
with C1 independent of e:




Z jwij  wiui1
ti  ti1
p jjwijjL2 jjhijjL2 :
Then, by Poincare´ inequality and (27), one obtains
jjDwijjL2pC2jjhijjL2 ð28Þ
with C2 independent of e:
It follows from (27) and (28) that the function we deﬁned by weðtÞ ¼ wi on ti1; ti½;
is bounded in L2ð0; T ; H1ðOÞÞ as e-0: Let ek-0 such that wek,w in
L2ð0; T ; H1ðOÞÞ: Since ue-uN in L1ðQÞ and ueAsignðweÞ a.e. on Q; at the limit
uNAsignðwÞ a.e. on Q: Using the function u˜e as in the proof of Proposition 2, one
ends up the proof of u ¼ uN satisﬁes (25). &
Proof of Proposition 3. Firstly, we prove uniqueness of a solution u of (23). By
deﬁnition, a solution uðtÞ of (23) is deﬁned on ðð0; TÞ\IÞ,f0g: Let ða; bÞ be a
component of I : A solution uðtÞ of (23) is deﬁned for t ¼ a: Applying Lemma 2, for
aoaobob; u ¼ ua on ða; bÞ  O where ua is the mild solution of duadt þ ANua{h on
ða; bÞ; uaðaÞ ¼ uðaÞ: If u1; u2 are two solutions of (15), by the contraction property
for mild solutions,
jju1ðtÞ  u2ðtÞjjL1pjju1ðaÞ  u2ðaÞjjL1 ; 8aoaptob:
Since u1ðaÞ  u2ðaÞ-0 in L1ðOÞ as a-a; u1 ¼ u2 on ða; bÞ  O:
Now let u ¼ uN be the mild solutions of (15). By assumption, u satisﬁes (23i) and
uX0: Being a mild solution it is clear that uðtÞp1 and _uðtÞ ¼ mðtÞ; then u satisﬁes
(23ii). At last by Lemma 2, u satisﬁes (23iii). &
Summing up the results of Propositions 1–3, according to the results of [6,3], one
has:
Corollary 1. Let u0ALNðOÞ; u0X0 and hALNð0; T ; L1ðOÞÞ satisfying (16). For any
mX1; there exists a unique solution um of (17) and
um-u inCðð0; TÞ; L1ðOÞÞ as m-N:
If uX0; then u is the unique solution of (23).
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3. The general reaction–diffusion problem
We consider problem (1) with g depending on ðt; xÞ: We assume g : Q  Rþ-R
satisﬁes
ðiÞ for any rARþ; gð:; rÞALNð0; T ; L1ðOÞÞ andR T
0
jjgðt; :; rÞjjLNdtoN;
ðiiÞ for a:a: ðt; xÞAQ; gðt; x; :Þ is continuous on Rþ and
@g
@r




with K :Rþ-Rþ continuous. Consequently, for any uALNðQÞ with uX0; the








In this section, we ﬁx u0ALNðOÞ satisfying (3). We assume there is MAW 1;1ð0; TÞ;
so
M 0ðtÞXgðt; x; MðtÞÞ for a:a: ðt; xÞAQ; Mð0ÞXM0: ð30Þ
Applying Section 2, we have the following result:
Theorem 1. Under the above assumption, for any mX1; there exists a unique um
solution of
umALNðQÞ; umX0; ðumÞmAL2ð0; T ; H1ðOÞÞR R





8xAC1ð %QÞ; xðT ; :Þ ¼ 0:
8><
>: ð31Þ
Moreover umACð½0; TÞ; L1ðOÞÞ; umðt; xÞpMðtÞ for a.a. ðt; xÞAQ; um-u in
Cðð0; TÞ; L1ðOÞÞ as m-N and u is the unique function in LNðQÞ with uX0;
satisfying (23) with h ¼ gð:; uÞ:
Proof. For R40; let FR be the map from ½0; TÞ  L1ðOÞ into L1ðOÞ deﬁned by
FRðt; uÞ ¼ gðt; :; uþ4RÞ:
With (29), FR is integrable in tAð0; TÞ uniformly for any uAL1ðOÞ and continuous in
uAL1ðOÞ for a.a. tAð0; TÞ; moreover ðmax½0;R KÞI  FRðt; :Þ is accretive in L1ðOÞ:
Then (see for instance [6, Lemma 1]) there exists a unique mild solution of
du
dt
þ Amu{FRð:; uÞ on ð0; TÞ; uð0Þ ¼ u0: ð32Þ
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Let ﬁrst um be a solution of (31) and ﬁx RXjjumjjN:; Since h :¼ gð:; umÞ ¼ FRð:; umÞ;
applying Proposition 2, um is a mild solution of (32). From uniqueness of a solution
to (32), follows uniqueness of a solution to (31). Conversely, let R ¼ max½0;T  M and
consider the mild solution um of (32). By Proposition 2, um is solution of (17) with
h ¼ gð:; uþm4RÞ: We will prove that
0pumðt; xÞpMðtÞ for a:a: ðt; xÞAQ ð33Þ
it will follow that h ¼ gð:; umÞ and then um is solution of (32). To prove (33), we use
the fact that, according to (10), the operator Am is T-accretive in L
1ðOÞ (c.f. [2,4]). If
u1; u2 are mild solutions of (15) corresponding to ðh1; u01Þ; ðh2; u02Þ in L1ðQÞ 
L1ðOÞ respectively, one has for all tA½0; TÞZ
ðu1ðtÞ  u2ðtÞÞþp
Z





ðh1  h2Þþ; ð34Þ
Apply with u2 ¼ um; h2 ¼ FRð:; umÞ; u02 ¼ u0; u1 ¼ 0; h1 ¼ 0; u01 ¼ 0: Since
umX0 and FRð:; umÞw½ump0 ¼ gð:; 0ÞX0; one ﬁrst obtains umX0: Secondly, notice
that u2ðt; xÞ ¼ MðtÞ is strong solution, and then mild solution of (15) with h2ðt; xÞ ¼
M 0ðtÞ; as u02 ¼ Mð0Þ: Using (29) and (30), one has
FRð:; umÞw½umXM ¼ gð:; um4RÞw½umXM




pM 0w½umXM þ max½0;R K
 
ðum  MÞþ
and then, using (34), umpM: This proves ﬁrst part of the theorem and um is the mild
solution of (32) with R ¼ max½0;T  M: Using Theorem 1 in [6], with Proposition 1,
um-u in Cðð0; TÞ; L1ðOÞÞ where u is the unique mild solution of
du
dt
þ ANu{FRð:; uÞ on ð0; TÞ uð0Þ ¼ ðI þ ANÞ1u0:
Since 0pupM; with the above arguments, thanks to Proposition 3, u is the unique
function in LNðQÞ with uX0 is solution of (23) with h ¼ gð:; uÞ: &
Now we will make more explicit the limit solution u in the case gðt; x; uÞ ¼ gðuÞ
(independent of ðt; xÞAQ). Throughout the end of this section g :Rþ-R is deﬁned
by (2) and we assume (5), so M 0ðtÞ ¼ qðt; M0Þ satisﬁes (30). Then we have the
following characterization of the limit solution u:
Corollary 2. If gðt; x; uÞ ¼ gðuÞ with g :Rþ-R satisfies (2), then the limit u of um is
defined as it is claimed in the introduction
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Case 1: If _u0X1; then
uðt; xÞ ¼ q _u0; t
 	
for a:a: ðt; xÞAQ:
Case 2: If _u0o1 and gð1Þp0; then
uðt; xÞ ¼ qð
%
u0ðxÞ; tÞ for a:a: ðt; xÞAQ:
Case 3: If _u0o1 and gð1Þ40; then there exists T0Að0; T  such that
(a) u is the unique solution on ð0; T0Þ  O of
uALNðð0; T0Þ  OÞ; 0pup1 a:e: on ð0; T0Þ  O
there exists wNAL2locð½0; T0Þ; H1ðOÞÞ such that
wNX0; wNðu  1Þ ¼ 0 a:e: on ð0; T0Þ  O andR T0
0
R
O xtu þ gðuÞxþ
R





8xAC1ð½0; T0Þ  %OÞ; x compactly supported
8>>><
>>>>:
(b) uðt; xÞ ¼ qð1; t  T0Þ for a.a. xAO; for any tA½T0; T ½;
Proof. Recall that u is the unique function in LNðQÞ with uX0 satisfying (23) with
h ¼ gðuÞ: In the case _u0X1;
%
u0 ¼ _u0; the function uðt; xÞ ¼ qð_u0; tÞ is clearly the
solution of (23) with hðt; xÞ ¼ gðqð_u0; tÞÞ ¼ utðt; xÞ:
In the case _u0o1;
%
u0p1: If gð1Þp0; one has uðt; xÞ ¼ qð
%
u0ðxÞ; tÞA½0; 1 for a.a.
ðt; xÞAQ and then u is the solution of (23) with hðt; xÞ ¼ utðt; xÞ; I ¼ ð0; TÞ; w 
 0:
At last consider the case gð1Þ40: If a; b½ is a component of
tAð0; TÞ; _uðtÞ41 ;
one has a40; _uðaÞ ¼ 1 and uðtÞ 
 _uðtÞ on ½a; b: Further uðtÞ 
 qð1; t  aÞ on ½a; b:
Since gð1Þ40; one has qð1; b  aÞ40 and then b ¼ T : So I ¼ ð0; T0Þ with T0Að0; T 
and the result follows. &
Remarques.
(i) In Case 3, if M0o1; setting
T1 ¼ maxftA½0; T ; qðu0; tÞp1 a:e: on Og
one has
T0XT1 and uNðt; xÞ ¼ qðu0ðxÞ; tÞ for a:a: on ð0; T1Þ  O:
In particular, if gðM0Þp0 then T0 ¼ T1 ¼ T :
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(ii) Still in case 3, deﬁne





If g is concave (resp. convex) on ½0; 1; then
d
dt
_uðtÞpðresp:XÞg _uðtÞ 	 for tAð0; T0Þ:
Further _uðtÞp (resp. X) qð_u0; tÞ for tAð0; T0Þ so T0X (resp. p) T2:
Appendix
We give here a general lemma used to prove uniqueness. While this method is
classical, we did not ﬁnd such statement in the literature.
Lemma A. Let VDH be Hilbert spaces with continuous injection and a : V  V-R
be continuous bilinear symmetric and nonnegative ðaðv; vÞX0ÞÞ: Let uAL2ð0; T ; HÞ;
wAL2ð0; T ; VÞ satisfyingZ
ðuðtÞ; x0ðtÞÞH dt ¼
Z
aðwðtÞ; xðtÞÞ
8xAW 1;2ð0; T ; HÞ-L2ð0; T ; VÞ with xðTÞ ¼ 0 ðA:1Þ
and
ðuðtÞ; wðtÞÞHX0 a:e: tAð0; TÞ ðA:2Þ
then u 
 0:
Proof. Let 0ptpT and apply (A.1) with xðtÞ ¼ R t
t4t wðsÞ ds: One getsZ t
0


















Using (A.2), aðR t0 wðsÞ ds; R t0 wðsÞ dsÞ ¼ 0 for any tA½0; TÞ and then aðwðtÞ; vÞ ¼ 0 for
any vAV and a.a. tAð0; TÞ: Using (A.1) again, u 
 0: &
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